Unique Continuation for Stochastic Parabolic 

Equations 

Xu Zhang* 

Abstract 

This paper is devoted to a study of the unique continuation property for stochastic 
parabohc equations. Due to the adapted nature of solutions in the stochastic situation, 
classical approaches to treat the the unique continuation problem for deterministic 
equations do not work. Our method is based on a suitable partial Holmgren coordinate 
transform and a stochastic version of Carleman-type estimate. 
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1 Introduction and main result 



Let T > 0, G C R" {n G N) be a given bounded domain with a boundary dG, and 
Go 7^ be a given subdomain of G. Put Q = {0,T) x G and Qq = (0, T) x Gq. Throughout 
this paper, we assume that a'^ G W^'°°{0,T;Wi^^{G)) satisfy a'^ = a^' {ij = 1,2, ■■■ ,n) 
and for any open subset Gi of G, there is a constant Sq = So(Gi) > so that 

E a'^ee > so\e, V (t, X, = (t, x,e,---, n e (o, r) x gi x u\ (i) 

n 

Here, we denote simply by 

Let (Q, J^, {J^t}t>Q, P) be a complete filtered probability space on which a 1 dimensional 
standard Brownian motion {w{t)}t>o is defined. Let be a Frechet space. We denote 
by L^(0,T; H) the Frechet space consisting of all iJ-valued {J^t}t>o-adapted processes X(-) 
such that E(|X(-) 1^2(0 T-//)) ^ with the canonical quasi-norm; by L^(0,T; H) the Frechet 
space consisting of all i/-valued {j?-t}f>o-adapted bounded processes, with the canonical 
quasi-norm; and by L^(f2; G([0, T]; H)) the Frechet space consisting of all iJ-valued {J^t}t>Q- 
adapted continuous processes X{-) such that E(|X(-)|^^jq^j.j:^^) < oo, with the canonical 
quasi-norm. 

Let us consider the following stochastic parabolic equation: 

Tz = dz- ^{a'hi)jdt = [( a, ) +bz]dt + czdw{t) in Q. (2) 

Here a,b and c are suitable coefficients. For simplicity, we use the notation Zi = Zi{x) = 
dz{x) /dxi, where Xi is the i-th coordinate of a generic point x = (xi, ■ ■ ■ ,Xn) in IR". In a 
similar manner, in the sequel we use the notation Ui, Vi, etc. for the partial derivatives of u 
and V with respect to Xi. Also, we denote the scalar product in R" by (•,•). 
The main result of this paper is stated as follows: 

Theorem 1. Let a e L^{0,T; L^^{G;WC)), b G L^{0,T; L^^{G)), and c G L^{0,T; 
<f (G)). Then any solution z G /.^.(O; G([0, T]; LL(G))) fl ^^^^(0, T; i//,,(G)) o/ (2) van- 
ishes identically in Q x fl, a.s. dP provided that z = in Qo x fl, a.s. dP. 

The above result is a unique continuation theorem for stochastic parabolic equations. 
There are numerous references on the unique continuation for deterministic parabolic equa- 
tions (see, for example, [2, 5, 6, 9] and so on). However, to the author's best acknowledge, 
nothing is known for its stochastic counterpart. 

There are two classical tools in the study of the unique continuation for determinis- 
tic partial differential equations. One is Holmgren-type uniqueness theorem, another is 
Carleman-type estimate. Note however that the solution of a stochastic equation is gener- 
ally non-analytic in time even if the coefficients of the equation are constants. Therefore, one 
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cannot expect a Holmgren-type uniqueness theorem for the unique continuation for stochas- 
tic equations except some very special cases. On the other hand, the usual approach to 
employ Carleman-type estimate for the unique continuation needs to localize the problem. 
The difficulty of our present stochastic problem consists in the fact that one cannot simply 
localize the problem as usual because the classical localization technique may change the 
adaptedness of solutions, which is a key feature in the stochastic setting. In our equation 
(2), for the space variable x, we may proceed as in the classical argument. However, for the 
time variable t, due to the adaptedness requirement, we will have to treat it in a deliberate 
way. For this purpose, wc shall introduce a suitable "partial Holmgren coordinate transform" 
(see (17)) and deduce a key stochastic version of Carleman-type estimate {see Theorem 2 in 
the next section). 

It is well-known that, unique continuation is an important problem not only in partial 
differential equations itself, but also in some application problems such as controllability 
([10]), inverse problems ([3]), optimal control ([4]) and so on. Numerous studies on unique 
continuation for deterministic partial differential equations can be found in [1, 11] and the 
rich references cited therein. It would be quite interesting to extend the deterministic unique 
continuation theorems to the stochastic ones, but there are many things which remain to be 
done, and some of which seem to be challenging. In this paper, in order to present the key 
idea in the simplest way, we do not pursue the full technical generality. 

The rest of this paper is organized as follows. In Section 2, as a key preliminary, we 
show a Carleman-type estimate for stochastic parabolic operators. Section 3 is devoted to 
the proof of Theorem 1. 

2 Carleman-type estimate for stochastic parabolic op- 
erators 

For any nonnegative and nonzero function ip e C^{G), any k >2, and any (large) parameters 
A > 1 and > 1, put 

i^Xa, a{t,x)^ t\T-tY ' '^^^^ ^ t^(T - t)^ " 

In the sequel, we will use C to denote a generic positive constant depending only on T, 
G, Go and (a*-')„xn) which may change from line to line. Also, for r G N, we denote by 0{fi'') 
a function of order /i*" for large fi (which is independent of A); by 0^(A'') a function of order 
A*" for fixed fi and for large A. We recall the following known result. 

Lemma 1. ([7, 8]) Let W G C'^'^(Q) satisfying W = b>\ Assume that either {W)nxn or 
— ip^^)nxn is a uniformly positive definite matrix, and So(> 0) is its smallest eigenvalue. Let 
u be a €"^{0) -valued semimartingale. Set 

e^e\ v^eu, * = 2^6%. (4) 
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Then for any x & G and cu & (a.s. dP), 



2 / e 



+ Av 



+2 f J2[Y1 (2b'^b''^'ei'ViVj' - V^U'^'hvi^Vj^ + WviV 

-'^ 1,3 

-b^^(^Ai,+^y]dt 

>2j2j^ c'^ViVjdt + Bv^dt + I - Y^{b'^Vi)j + Av ^ dt 



^,3 



where 



B^2[a^- Yi^b^'^,),] -A- Yib''^j)r - 



A 



J2 [2b'^'{b''Hi,)j, - {bWU>)y 
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Moreover, for A and fi large enough, it holds 



(5) 



(6) 



+AV'+''"0(e''^l'^l^(«)) + AV'+'"0(//^) + A(^^+'="'0(/x^), 
Yc'^^iVj > [soA/iV|V^|^ + A(/?0(/x)]|Vv|l 

We now show a Carleman-type estimate for stochastic parabohc operators as follows: 

Theorem 2. Let E C^''^{Q) satisfying = . Assume that either {b^^)nxn or —{U^)n 
is a uniformly positive definite matrix. Let ip e C^{G) satisfy 

min |V'0(a;)| > 0. 



(7) 



(8) 



Then there is some /xq > such that for all jj, > jj,o, one can find two constants C = 
C(/x) > and Ai = Ai(/i) so that for all u G L3.(f]; C([0, T]; L2(G'))) fj L^(0, T; 1/2(0), 
/ e L2,(0,T;L2(G')) and g G L^O,T;H\G)) with 



du — ^^{b^^Ui)jdt — fdt + gdw{t), in Q, 
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(9) 



and all A > Ai, it holds 

AVE / 9?^^ Vcixcit + A/i^E / ^e^\Vu\'^dxdt 
Jq Jq 

< c|e / e^fdxdt + E I e^y] b'^giQjdxdt 



'Q 

+E / 9^ 



(10) 



/ 9^ (b'Hiij + {b'Hi)j^ g^dxdty 



where 



(11) 



Proof. Recalling that > 2 and (3), we get 

IAV'O V) + A(^0 V) + AV'+''"c>(e'^l'^lc.(G)) + aV'+'"C»(/.2^ + A(^^+'="0(/.2^| 



(12) 



Integrating (5) (in Lemma 1) on G, taking mean value in both sides, and noting (7) (in 
Lemma 1) and (12), recalling that u, and hence v, belongs to -L^(0, T; Hq{G)), we conclude 
that there is a constant Cq > such that 



2E f 9^- Y,ib'^^i)j + du- ^{Wui)jdt 
> 2coE / [A/xV|V^P + X(pO{i^)]\Vv\'^dtdx 



dx 



+ AVO(/i') + V^'^0^(A^) 
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V dtdx 



+2coE / [a-VV'^IV^I' 
+E / I - V(6'^Vi)j- + dMx 

-E [ 9'^y^ b'^duidujdx - E / 9^\A-y2 (b'^^iij + {b'^£i)j)] {dufdx. 
By (9), we have 



(13) 



2E I 9^-^{U^Vi)j + Av du-^{U^Ui)jdt 

= 2Ey" ^[-^(6^^■'^;^)j + A^; [fdt + gdw{t)]dx 

^^-Y^{Uhi)j + Av fdtdx 

<E / \-Y^{b'^Vi)j + Av 
Jq ' 



dx 



2E / 9 



(14) 



dtdx + E / 9^ fdtdx, 
Jq 



and 



E [ 9^y2 b'^duidujdx + E f U _ (b'Hiej + {b'Hi)j)] {dufdx 

^,3 ^ i,3 ^ 



E [ 9^J2 b'^QiQjdxdt + E j O^^A-Y (b'^<^dj + {VH. 



1)3 



g^dxdt. 



i,3 



Combining (13)-(15), we arrive at 



2coE / ip[Xij,'^\Vij\'^ + XO{iJ,)]\Vv\'^dtdx 



(15) 



(16) 



+2coE / if^ AV|V^|^ + A^O(/i^) + 0^(A^) v^dtdx 

<E [ 9'^fdxdt + E [ b'^giQjdxdt 
Jq Jq 

+E f 9^ A-J2 [b'Hdj + {b'Hi)j^ g^dxdt. 
Finally, combining (16) and (8), and returning v to m, we obtain the desired estimate (10). 



3 Proof of Theorem 1 

The proof is divided into several steps. 

Step 1. First of all, any neighborhood O of Gq in G can be covered by a finite number 
of the images of the following open subset of R" 

n-l 
i=l 

under diffeomorphisms Xj = Xj{wi, ■ ■ ■ ,Wn) (1 < j < ^t-) of class C'^iG') so that the image 
of dG' n {wn — 0} is contained in BGq. Such diffeomorphisms change the coefficients of 
the parabolic operator T in (2), but do not change its parabolicity and the adoptedness of 
solutions. Therefore, it suffices to consider G = G'. Note also that those diffeomorphisms do 
not change the time variable. Hence, to simplify the notations and noting that the original z 
vanishes in (0, T)xGoX fl, we may assume the resulting parabolic equation in (0, T)xG' xfl 
reads 



= dz — '^^{a^-' Zi)jdt — [( a, Vz ) +bz]dt + czdw{t), 

id 

SUppZ C (0, T) X {{x',Xn) \ Xn>0} X fl, 

where x' = {xi, ■ ■ ■ , Xn-i) and x — {x', Xn). 



in (0, T)xG' X Q, 



Next, we introduce a "partial Holmgren coordinate transform" F : G' ^ R" as follows: 

x' — x\ 



~ I / 1 2 



17) 



In is easy to see that 



F{G') 



JX , Xn) 



n< l}. 



Again, the coordinate transform F does not change the parabolicity of T and the adopted- 
ness of solutions. Hence, to simplify the notations, we may assume the resulting parabolic 
equation to be the following: 



J=z = dz- ^{a'^Zi)jdt = [( a, Vz ) +bz]dt + czdw{t), in (0, T) x U x 



(18) 



supp2; C (O.T) X [{x',Xn) I Xn > X Q, 

where U — \^{x',Xn) \ l}. It suffices to show that 

z = 0, in (0, T) X [/ X Q. (19) 
Finally, fix any tq and ri with < Tq < ri < 1, we choose a function p e C°°[0, 1] so that 



0<p(x„)<i, x„e[o,i], 

p(,T„) = 1, 0<Xn< To, 

p{Xn) = 0, ri<Xn< 1. 



(20) 



Put 



U^u{t,x' ,Xn) ^ p{Xn)z{t,x' ,Xn), {t, x) & {0,T) X U X fl. (21) 

Then, by the first equation in (18), we have 
du — 'y^^{a'^Ui)jdt 



^d{pz) -J2{a'^ipz)i)idt 



pTz — |^(a*-^pj2;)j + a^^ pji 
|p(( a, V2; ) +hz) - ^ |^(a*-'pi^)j + pjZi jdt + pczdw{t), in (0, T) x U x Q; 



(22) 



while, by the second equation in (18) and noting (20), one has 

u = 0, on {0,T) X dU X fl. 



(23) 



Step 2. The above transforms do not change the adaptedness of z, and hence that of u. 
We now apply Theorem 2 to u given by (21), Q replaced by (0, T) x [/, and 



1p = 1p{x) = 1 — Xn, X & U. 



(24) 



By (10) in Theorem 2, and noting (22), we conclude that there is a constant C > such 
that for any sufficiently large A and /i, it holds 



AVE / / cp''e'u'dxdt + Xji'E I I ipe''\S/u\'dxdt 



< c 



JU 

T 



JU 



E 



JU 



+E 



+E 



Ju 



JU 



^2|p(( a, ) +hz) - \i,a'^Piz)j + a'^ pjZ^ } 
6*^ a^^ {pcz)i{pcz)jdxdt 

(b'^^dj + ib'Hi)j^ {pcz)'^dxdtj , 



where A = - ^{a'Hiij - a^ii + a'Hij). 



By the first estimate in (7) and noting our assumptions on a, h and c, we get 



E 



JU 



+E 



+E 



6'^|p(( a, V2; ) +62;) - ^ [(a^^pi2;)j- + a'-'pj^i | dxdt 
9^ a^^ {pcz)i{pcz)jdxdt 

A-Y^ (b^Hiij + {b'Hi)j^ {pczfdxdt 

2/ \2,.2_2 2 



JU 



^C/ 

T 



< CE / / r (AVV -2 + |v^r)M 

Jo JU 

On the other hand, by (20) and (21), one finds 

cT 

3, ,41, 



Ju 

T 



Xp'E I I ^9''\Vu\''dxdt + X''p''E I I i/e'^u^dxdt 



> E 



// 

Jo JU 



9' 



'0 Ju 

|2 I \3,,4, 3 5 



Xp'ip\Vz\' + AV95 -2 



dxdt. 



'Un{0<Xn<ro} 

Hence, combining (25)-(27), and choosing A and p large enough, we arrive at 



E 



9' 



-';7n{0<a;„<r-o} 
T 



Xp'^ip\Vz\^ + X^p^(f^z'^^dxdt 



< CE 



9\X'p'if'z' + \WzY)dxdt. 



-'!7n{r-o<a;„<l} 



(25) 



(26) 



(27) 



(28) 



Step 3. From now on, we fix /x. Also, we fix any ni G (0,ro). Noting the definition of 
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in (24) implies that 9 — 9{t,Xn) is decreasing with respect to x„, from (28), we deduce that 



AVE / / \e{t,Ki)\^^p^z^dxdt 
Jo Jun{o<x„<Ki} 



T 

2 



<E/ / |^(i,«i)|" AAiV|V^|' + AV(^V 

'0 J Un{0<Xn<Kl} 



dxdt 



<E [ [ 9'^ 

Jo Jun{o<x„<Ki} 

<E [ [ 9^ 

Jo Jur\{0<x„<ro} 

<CE [' [ 9\X^ii^iph^ + \Wz\^)dxdt 

Jo Jun{ro<x„<l} 
T 

2/\2..2,.2„2 , |V7-,|2\ 



A/xVl Vz|^ + AVv'^-^^] dxdt 
A/xVl Vzp + AV'v'^-^^] dxdt 



(29) 



<CE / \9{t,ro)\\X^i^^ip'z^ + \Vz\^)dxdt, 

Jo Jun{ro<Xn<l} 

for a constant C > 0, independent of A. 

Further, fix any K2 G (0, 1). Noting that 9 = 9{t,Xn) is increasing {resp. decreasing) with 
respect to t in [0,r/2] {resp. (T/2, 1]), we deduce that 

|2,_3„2, 



E / / \9{t,Ki)\'(p''z'dxdt 

Jo it;n{o<x-„<Ki} 

/■{l+K2)T/2 /■ 

>e/ / \9{t,Ki)\'^(p^z^dxdt (30) 

i(l-K2)T/2 Jun{0<x„<Ki} 

r{l+K2)Tl2 p 

>\9{{l-K2)T/2,Ki)\'^E / if^z'^dxdt, 

J{l-K2)T/2 Jur\{0<Xn<Kl} 



and 



E I' I \9{t,ro)\\X''iJ,^(fih^+\Wz\^)dxdt 

Jo Jun{ro<x„<l} 

< \9{T/2,ro)fE f ! (AW'-^' + \Vz\^)dxdt. 

Jo J Ur\{ro<Xn<l} 

Combining (29)-(31), we end up with 

»(l+K2)T/2 



(31) 



X^li^\9{{l- K2)T/2,Ki)\^E / ^ph^dxdt 

J{l-K2)T/2 Jun{0<Xn<Kl} 

< C\9{T/2,ro)\^E f [ (A^VV + \Vz\^)dxdt. 

Jo JunWo<xn<'i-} 



(32) 



By (4), (3) and (24), we find 

|^(r/2,ro)|2 = exp 
We now choose H2 to be 



(1 - KlfT'^^ 



«2 



I g2/^ _ g(l-Kl)^ 



g2/i _ g(l-ro)/i ■ 

Since e (0, Tq), one sees that ^2 £ (0, 1). Moreover, by (34), we have 

„(1-Kl)// _ „2lJ. 

^ ^ =(l-^o)M_p2M 



/■(l+«2)T/2 n 

AV^E / / ifh'^dxdt 

J{l-K2)T/2 JUr\{0<x„<Ki} 

<CE [ [ (AVV^^^ + \Vz\'^)dxdt. 

Jo Jun{ro<x„<l} 



(33) 



(34) 



gU-r-ojM _ g^M_ (35) 



(1 - 4)' 

Combining (33) and (35), it follows that 

mi-K2)T/2,K,)\'^\e(T/2,ro)\'. (36) 
Now, by (32) and noting (36), wc conclude that 



(37) 



Letting A +oo in (37), we conclude that 

z = 0, in ((1 - K2)T/2, (1 + K2)T/2) x ([/ n {0 < x„ < ki}) x Q. 

Hence, 

z{T/2,-) = 0, in {U r\{0 < Xn < Ki}) xQ. 
Since Tq {resp. Hi) can be chosen as close to 1 {resp. Tq) as one likes, one concludes that 

z(T/2, •) = 0, in [/ X Q. 

Replace T by any given to G (0, T). Then, the above argument yields z{tQ/2, ■) = in ?7 x ^2. 
Hence, 

z = 0, in (0, r/2] X [/ X Q. 
Applying this argument to z{- + T/2, •), it follows that 

z = 0, in (T/2, 3r/4] x [/ x Q. 

Repeating this procedure, we arrive at (19). This completes the proof of Theorem 1. □ 
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